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Harmonic maps between generalized 
Lagrange spaces 



Abstract 



In Section 1 the author defines the notion of harmonic map between gener- 
l\ . alized Lagrange spaces. Section 2 analyses the particular case when the gen- 

eralized Lagrange spaces are Lagrange spaces of electrodynamics. In Section 3 
it is proved that for certain systems of differential or partial differential equa- 
C^ ■ tions, the solutions are harmonic maps between certain generalized Lagrange 

spaces, in the sense of Section 1. Section 4 describes the main properties of the 
generalized Lagrange spaces constructed in Section 3. 
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O ' 1 Introduction 

o' 

^D I Let (M™, gaff) and (iV", hij) be two generalized Lagrange spaces, where m, 

r~| ■ respectively n, is the dimension of M, respectively A^. The manifold M, respectively 

N, is coordinated by (a"), respectively (x*). On M x N, the first m coordinates 
are indexed by a, /?, 7, . . . and the last n coordinates are indexed by i, j, fc, . . .. The 
fundamental metric tensors are expressed locally by 

i) 5q/3 = gai3{a,b), \f a, l3 = l,m, where (a, 6) = ia^^,b^) are adapted coordinates 
on TM. 

ii) hij = hij{x,y), V i,j = l,n, where {x,y) — {x^^y^) are adapted coordinates 



5_j . 11; iHj 

C^ ■ on TA^ 



On M X iV, we consider an arbitrary tensor of type (1,2), denoted by P, with 
all components null except PJ^^{a,x) and Pai{a,x), where a,/3 = l,m, i,j = l,n, 
which will be called tensor of connection. The connection tensor P allows one to 
build the directions b and y of the metric tensors gap{a,b) and hij(x,y) used in the 
construction of the energy functional E whose extremals will be the harmonic maps 
between the generalized Lagrange spaces M and N. In conclusion, this tensor makes 
the connection between the metric structures of the spaces M, respectively N , and 
the harmonic maps that we will define. 

We assume that the manifold M is connected, compact, orientable and endowed 
with a Riemannian metric (pap- These conditions assure the existence of a volume 
element and, implicitly, of a theory of integration on M . Using the generalized La- 
grange metrics gaf3 and hij and the tensor of connection P, we can define the following 



p 

if h 



-energy functional, 



E = EP^^:C^{M,N)^R, 



k fk\\fi fj 



Kvhif) = 7^ / 9"'\aMaj\ f!;))h,jifia),yia, fj!;))U'pV^ da, 



M 



dp 



f = x'if), fl ^ — , ip = det{Lpcii), 



where < 



6(a,/^/,^•) = 6^(a)£^ 



d_ 



y{a,fM^)^y\a)^ 



/(<!) 



^-^{a)Pia)Plia,fia)) — 
^"f^{a)P{a)P^p,{a,f{a))-^ 



f(a) 



Definition. A map / G C°°{M,N) is 



P 



-harmonic iff / is a critical 



g if h 
point for the functional E^ y^. 

Particular cases, i) li ga0{a,b) — (pap{a) and hij{x,y) = hij{x) are Riemannian 
metrics and the connection tensor is an arbitrary one, it recovers the classical defi- 
nition of a harmonic map between two Riemannian manifolds |I|. We remark that, 
in this case, the definition of harmonic maps is independent of the connection tensor 
field P. 

ii) If we take N = R, hn — 1 and the tensor of connection is of the form 
P = ((52, Pli), we obtain C°°(Af, N) — T{M) and the energy functional becomes 



Ci(/) 



1 



M 



g'"'ia,grad^f)Up^da , V/ G T{M). 



iii) If we consider M = [a,b] C R, (fin = gn = 1 and the tensor of connection is 
P = {Pli,5\), we obtain C^{M,N) = {a; : [a,b] -> N \ x - C°° differentiable}. 
Denoting C°°{M,N) — ila.b{N), the energy functional should be 



E[ihix) 



1 



P 



h,j{x{t),x{t)) — —dt, VX e na.b(N). 



In conclusion, the -, -, i ] -harmonic curves are exactly the geodesies of the 
generalized Lagrange space {N, hij{x,y)) g. 

2 Harmonic maps between Lagrange spaces of elec- 
trodynamics 

Let [M™',Lm) and {N",Ln) be Lagrange spaces with the Lagrangians 

LM{a, b) = gc.p{a)b"bl' + .g„/3(a)C/"(a)6'3 + F{a), 

LN{x,y) = h^j{x)y'y^ + h^j{x)V\x)y^ -f G{x), 
where 



• gap (resp. hij) is Riemannian metric on M (rcsp. N) representing the gravita- 
tional potentials on M (resp. N). 

• [/" (resp. V^) is a vector field on M (resp. N) representing the electromagnetic 
potentials. 

• F (resp. G) is a smooth function on M (resp. N) representing the potential 
function. 

The fundamental metric tensors of these Lagrangians are 

Taking an arbitrary tensor of connection P, the energy functional becomes 

EgMf) = l I 9"'\a)K,U{a))rJl^da. 
^ Jm 

We remark that, in this case, the energy functional is independent of the connection 
tensor P. 

The Euler-Lagrange equations will be, obviously, the equations of harmonic maps, 
namely 



^''-li^H)^i, 



/' + ^f,/:/^^=0, Vfc = l,n, 



9 \ Jap 

where 

Q2jk 

• /a/3 = Q^aQ^p ' -9 = det{gap) , (f == det{lfiap)- 

• G'^ij are the Christoffel symbols of the metric gap ■ 

• Hj^j are the Christoffel symbols of the metric hij . 

Remarks, i) If gap — ^ap, we recover the classical equations of harmonic maps 
between two Riemannian manifolds. 

ii) Denoting A^^^ = G^^^ + --^— ( In— ) (5^, we remark that A^^ represent the 

components of a linear connection induced by the metrics gap and ipap- 

By the last remark, we can give the following 

Definition. Let g, (p be Riemannian metrics on M. The curve c : I ^ M, 
expressed locally by c{t) = (a"(i)), is a {g, ip) -geodesic iff c is an autoparallel curve 
of the connection A^„ induced by the metrics g and ip, namely 

d^a'^ _ ^ da"" da/^ 

~d^~' '^f^~dr^' 

Remarks, i) If g = cp, then we recover the classical definition of a geodesic on 
the Riemannian manifold (M, g — ip). 

ii) It is obviously that a {g, ip)-geodes[c is a reparametrized geodesic of the metric g. 



Theorem. Let f : {M,Lm) ^-^ {N,Ln) be a smooth map which carries {g,f)- 
geodesics into h-geodesics. Then f is harmonic map. 

Proof. Let c : I C R ^ M , c{t) = (a"(i)) be a (t;, (p)-geodesic. Then we 

have = — A'lo— ; ;— . Because c{t) — f(c(t)) is ^.-geodesic, it foUows that 

dt^ '^ dt dt 

d^c^ ^kdc'dx:^ ^ ^ ^ dc^ ,k,u^^da" 

H',-J7-r = 0- But — = f^{c{t))— ^ 



^)) dt ^ dt^ = 


fe da"" daf^ kd'^a" 
■'"'' dt dt ' •'" di2 


rjk ,r ,1 da'' daP 
^'^^"^^ dt dt 


==0=^ 



dt^ '^^ dt dt ; dt 

In conclusion we obtain 

d^g" k rk da" da^ 
dt^ ^" ^ ^'^^ dt dt ^ 

ilp - AI,/^- + nyui) ^^ = , vfc = t;7^ □. 

3 Geometrical interpretation of solutions of certain 
PDEs of order one 

The problem of finding a geometrical structure of Riemannian type on a mani- 
fold M such that the orbits of an arbitrary vector field X should be geodesies, was 
intensively studied by Sasaki. The results were not satisfactory, but, in his study, 
Sasaki discovered the well known almost contact structures on a manifold of odd 
dimension |^. After the introduction of generalized Lagrange spaces by Miron |Q, 
the same problem is resumed by Udri§te [|[ ^ . This succeded to discover a Lagrange 
structure on M, depending of the vector field X and an associated (l,l)-tensor field, 
such that the orbits of C^ class should be geodesies. Moreover, he formulated a more 
general problem [BJ, namely 

1) Are there structures of Lagrange type such that the solutions of certain PDEs 
of order one should be harmonic maps! 

2) What is a harmonic map between two generalized Lagrange spaces? 

A partial answer of these questions is offered by author in his paper |4|, using 
the notion of harmonic map on a direction between a Riemannian manifold and a 
generalized Lagrange manifold. The notion of harmonic map between two generalized 
Lagrange spaces introduced in [^ allows one to extend the results of previous papers 
[0 J 07 o ^^^d to obtain a beautiful geometrical interpretation of the solutions of the 
certain PDEs of order one. 

For every smooth map / G C°° (M, N) , we use the following notation 



<5/ = /ida"U®A 



e r{T*M(^f-^{TN)). 



On M X N, let T be one tensor of type (1, 1) with all components equal to zero except 
(T^) i^j-^ . Let the system of partial differential equations 



dp 
(E) df^T expressed locally by ^ = ^(a, /(a)). 



If (M, (fap) and {N, ^pij) are Riemannian manifolds, we can build a scalar product 
on T{T*M(g,f-^TN)) hy<T,S >== ip°'''^{a)i;^j{f{a))T^Sl, where T = T'^da" ® ^ 

d 

and 5 = Sida^^ ® —-. 

P dy3 

Under these conditions, we can prove the following 

Theorem. If (M,(p),{N,ip) are Riemannian manifolds and f E C°°(M,N) is a 
solution of the system {E), then f is a solution of the variational problem asociated 
to the functional Ct ■ C'^{M, N)\{f \ 3 a e M such that < Sf, T> {a) = 0}^ R+, 

Crif) = 2 I ^Jj;^V^ da=-J^ TsW^^ '^.U,V^ da. 

Proof. In the space r(T*M x f~^{TN)), the Cauchy inequality for the 
scalar product <,> holds. It follows that the following inequality is true, 
< r,5 >2< ||r||2||S'||2 , y T,S e T{T*M x f-^(TN)), with equality if and only 
if there exists /C G T{M) such that T = ICS. Consequently, for every / e C^iM, N) 
we have 

1 f ll(5fil^llT|P 1 /■ 1 



2 



Obviously, if / is a solution of the system (E), we obtain Crif} = 7:Volip{M), that 

is, / is a global minimum point for Ct n. 

Remarks, i) In certain particular cases of the system (E), the functional Ct 

f P \ 
becomes exactly a functional of type , I -energy. 

ii) The global minimum points of the functional Ct are solutions of the system 
6f = /CT, where /C G !F{M), not necessarily with /C = 1. 

iii) Replacing the Riemannian metric ipij by a pseudo-Riemannian metric, the 
preceding theorem survives because the form of the Euler-Lagrange equations remains 
unchanged. The difference is that the solutions of the system (_E), in the pseudo- 
Riemannian case, are not the global minimum points for the functional Ct- Moreover, 
the statement (ii), of above, does not hold. 

Fundamental examples. 

1. Orbits 

For M ^ {[a, 6], 1) and T = ^ e r{x-^{TN)), the system (E) becomes 

(^i) ^=f(x(i)), a;:[a,6]^7V, 

that is the system of orbits for ^, and the functional C^ is 



'^'■"'-U. 



^ IICIII , dx^dx^ 

[e{xw ' dt dt 



where ^^ — ^idx^ — ipijS,^dx'^ . Hence the functional £^ is a I , j -energy (see 

(iii) of first particular cases of this paper) , where 

% : TN\{y \ ^^{y) = for some y} ^ R 



is defined by 



h,j{x,y) 



mi 



^ipij (x) = V'y (a;) exp 



21n- 



ICII 



ie(y)l 



This case is studied in other way by Udri§te in |^-[£|. 
2. Pfaffian systems 

For N = {R, 1) and T = A e A'^{T*M), the system (E) becomes 

iE2) df = A, fe T{M), 

that is a Pfafhan system, and the functional Ct reduces to 

Hence, the functional Ca is a I _. I -energy (see (ii) of first particular cases 

of this paper), where gap ■ TM\{b \ A{b) = for some 6} ^ i? is defined by 

\Aib)\- 



Jai3[a,b) = 11 ii^ fafiia) = ipai3[a)exp 



2 In 



ll^ll 



3. Pseudolinear functions 

We suppose that T^{a,x) = ^''{x)Ap{a), where ^'^ is vector field on A^ and Ap is 
1-form on M. In this case the system (E) is 



(£^3) 



daP 



e{I)Ap{a) 



and the functional Ct is expressed by 

1 [ miur 



^^(^) - \ l^ "Vmir ^"'^^.-/^/iv^^« 



[Aib)r 



M 



g^P{a,b)K,{f{a))rjlVvda 



where hij{x) — \\^\\^'4'ijix), the tensor of connection is Pia{x) — SZ£,i{x), 
b'y — (p"^ faPZj and the Lagrange metric tensor 



is defined by 



gap : TM\{b \ A{b) = for some b} ^ R 

\Aib)\ 



gap[a,b) = -——-tpap[a) = ipap[a)exp 



21n- 



l^ll 



It follows that the functional Ct becomes a [ , ) -energy. 



Remark. Take M to be an open subset in (i?", (p — S) and N — {R, ip = 1), the 
system from the third example is 

{PL) |^=^(a)A„(/(a)), Va-T;7^. 

Supposing that {grad f){a) 7^ 0, V a G M, the solutions of this system are the well 
known pseudolinear functions [pj. These functions have the following property, 
—for every fixed point xq e M , the hypersurface of constant level 

Mf(^,) = {xe M I fix) = fixo)} 

is totally geodesic M (i. e. the second fundamental form vanishes identically). 

In conclusion, the pseudolinear functions are examples of harmonic maps between 

the generalized Lagrange spaces I M, gap{a, b) = Sap ) and (_R, h{x) = C'^{x)). 

For example, we have the following pseudolinear functions [pj: 

3. 1. /(a) = e<'''''>+'", where v € M, w € R, is solution for the system (PL) 
with ^(a) = 1 and A{f{a)) = f{a)v. 

3. 2. /(a) = '■ , where v,v' G M , w,w' G R, is solution for (PL) 

< v',a' > +w' 

with ^(a) = —— -— — J and A{f{a)) =v- f{a)w. 

< V ,a > +w 

Remark. The preceding cases appear also in M and, from another point of view, 
in B. The following case is the main novelty of this paper. 

4. The general case 

If we have T^{a,x) — X)r=i ^r (2^)^0(0^) > where {^r}r=rt C X{^) is a family of 
vector fields on A'' and {^^^^^i C h^{T*M) is a family of 1-forms on Af , the system 
of equations {E) reduces to 

(^4) |£ = Ee(/M;(«)- 

r— 1 

Without loss of generality, we can suppose that \i,r\r=\t "^ '^(^) (resp. 
{^''}j,^j-j C A^(T*M)) are linearly independent. In these conditions, we shall have 
t < minJTTT., n}, where m = dim M and n = dim N. 

4. 1. Assume that {£,r}r^j~t C X{N) is an orthonormal system of vector fields 
with respect to the Riemannian metric ipij on N. Let B G A^{T*M) be an arbitrary 
unit 1-form on M. With our assumptions, by a simple calculation, we obtain 

t t 



r=l 



<5f,T>^p'^P^,,fl^^iA^,B^^B, 



Defining the tensor of connection by P2^{a,x) = tpij{x)S^-i.{x)Ap{a)B''{a) and 
^T = v"^ faPZj, the functional £t takes the form 



where the Lagrange metric tensor ga/s : TM\{b \ B{b) =0 for some b} 
expressed by 



R is 



9apia,b) 



[B{b)? 



J2r=l W^ IIV 

Consequently, the functional Ct is a 



Vapia) = (/5a/3(a)exp 
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\B{b)\ 



eUu 



r||2 

v. 



-energy. 



P 

g if tl) 

4. 2. As above, we assume that the system {A^'}^^Yt '^^ 1-forms is orthonormal 
with respect to the metric ^p""^ and we choose an arbitrary unit vector field X E X{N). 
By analogy to 4. 1 we shall have 

t 
Wn' = E ll?'-ll^ ^nd < 6f,T>^ ^^P4>nUiA^0X''Xk. 

r=l 

Using the notations P^f^{a,x) = tl;ij{x)^^{x)A'p{a)X''{x) and y'' = '^"^ JaPip we 
obtain the following expression of the functional Ct, 






1 f E*=ilie.l 



[X'iy)? 



t.n'^P, 



1 



v'^^i^.^PJlVvda^- / ip^l'{a)K,{f{a),y)rjlV^da 



M 



where the Lagrange metric tensor hij : TN\{y \ X^{y) = for some y} ^ R is 

htj{x,y) 



Z^r=l llsr 



[X'{y)? 

Obviously, the functional Ct is a 



i^ij (x) = 'ipij {x) exp 



2 In 



L^r=l llsrll^ 



\X\y)\ 



-energy. 



P 

if if h 

Remarks, i) For the use of the above, we assume a priori a Riemannian metric 
(p or -i/j on M or A^ such that the system of covectors {A'^Jj.^Tt ^^ "^^ vectors {Crj^^TT 
is orthonormal. This fact is always possible. In conclusion, our assumptions on the 
orthonormality of these systems do not restrict the generality of problem. 

ii) In the particular case, n = r = l, N = R , -ipn = 1 , ^ = — — , and 

ax 
A e A^{T*M) is an arbitrary 1-form on M, we recover the Pfaffian system df — A. 

In this situation, taking B G A^(T*M) to be an arbitrary unit 1-form, we obtain, for 

the functional Ct, the expression 



"^^^^^^/mMF^"^"^^^'^"^^/ 



l^ll 



M [A{grad^f)]' 



^V^^UffiV^da, 



where the tensor of connection is defined by PXj ~ ApB'^ and the direction b is 

57 = ^'^Pfl^ApB'^ = B^Aigrad^f). 

Since the last integral is the functional Ca from the example 1, we remark that 

the solutions of the Pfaffian system df ~ A can be regarded in an infinity manner as 

P \ . . ' 

-harmonic maps. This fact appears because the tensor of connection P 
I LP I J 



and the generalized Lagrange metric g are dependent of the arbitrary unit covector 
field B. 

iii) Analog to ii), if we take m — r = 1 ^ M = [a,b] , gn = (fn = 1 , A — dt and 
^ e X{N) is an arbitrary vector field on N , we find the system of orbits for ^, that is, 

^=r(x(i)), x:[a,b]^N. 
Starting with X e X{N) an arbitrary unit vector field, the functional Ct becomes 

where the tensor of connection is P^^ = ^^X^ and y^ = ^^{x)X^ . Because we can vary 
the tensor of connection P and the generalized Lagrange metric h by the arbitrary 
unit vector field X, we remark that the trajectories of the vector field ^ can be also 

P 



regarded in an infinity manner as , j -harmonic maps. 

4 Lagrange geometry asociated to PDEs of order 
one 

We first remark that, in all above cases, the solutions of C^ class of the system 
6f = T becomes harmonic maps between generalized Lagrange spaces, in the sense 
defined in this paper. Moreover, the above generalized Lagrange structures are of 
type (M", e^°'*^^'^-'7ij(a;)), where a : TM\ {Hyperplane} — > _R is a smooth function. 
Using the ideas exposed in [||, in these spaces, we can construct a Lagrange geometry 
and field theory. This geometrical Lagrange theory will be regarded as a natural one 
associated to the PDE system 6f = T, in the sense of the first Udri§te's question. 

Now, we assume that a generalized Lagrange space {M",gij{x,y)) satisfies the 
following axioms: 

a. 1. The fundamental tensor field gij{x, y) is of the form 

a. 2. The space is endowed with the non- linear connection 

N]{x,y)=T]^{x)y\ 

where r*j,(x) are the Christoffel symbols for the Riemannian metric ^ij{x). 

Under these assumptions, our space verifies a constructive-axiomatic formulation 
of General Relativity due to Ehlers, Pirani and Schild [g. This space represents a 
convenient relativistic model, since it has the same conformal and projective properties 
as the Riemannian space (M, 7^^ ) . 

In the Lagrangian theory of electromagnetism, the electromagnetic tensors Fij 
and fij are 

_/ 5a__ da\ p f _( ^_ ^\ P 



Developping the formalism presented in |g|, g and denoting by r^ j the curvature 
tensor field of the metric ^ij {x) , the following Maxwell equations of the electromag- 
netic tensors hold 

{l]k) y 

Fij\k + Fjk\i + Fki\j ~ —{fij\k + fjk\i + /fci|j)) 
fij\k + fjk\i + Iki\] = 0, 

where | . (resp. \a) represents the h— (resp. v—) covariant derivative induced by the 
non-linear connection iV*. 

Suppose a = a{x). Then the v— electromagnetic tensor is fij = 0, the h— 
covariant operator "| " becomes the covariant derivative with respect to Levi-Civita 
connection of the metric gij{x,y) — e^°'^'^^(pij{x), the h— electromagnetic tensor Fij 
is the same with the classical electromagnetic tensor and the Maxwell's equations 
reduce to the classical ones. 

In the construction of the gravitational field equations, we shall use the notations 

k _ ij _S_ _ _d j d 

ki Sa Sa f, da da . 



5a . 5a 5a \ . da 

where a„- = _|,. -, __ - -^,a , ex., = — 



da da 1 ^ 



In these conditions, the Einstein's equations of the space {M,gij{x,y)) take the form 

nj - 2^7y + Uj = ICTfj 

(2 - n){aab - ajab) = ICT^^, 

where T/^ and T^j^ are the h— and the v— components of the energy momentum tensor 
field, /C is the gravific constant and 

It is clear that the general metric gij{x,y) — e^'^^^'^ViiC^^) implies Einstein equa- 
tions which differ from the classical ones by the additional tensor tij . 

Finally, we remark that, in certain particular cases, it is posible to build a gener- 
alized Lagrange geometry and field theory naturally attached to a system of partial 
differential equations. In these geometrical structures, the solutions of C^ class of the 
PDE system become harmonic maps. This idea was suggested by Udri§te in private 
discussions and in 1^, [|lOJ. 

Open problem. Because the generalized Lagrange structure constructed in this 
paper is not unique, it arises a natural question: 

—Is it possible to build a unique generalized Lagrange geometry naturally asoci- 
ated to a given PDEs system? 

10 



An answer to this question will be offered by author in a subsequent paper, us- 
ing a more general Lagrange geometry, naturally attached to a multidimensional 
Lagrangian defined on the jet fibration of order one. 
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